We prove that any non-degenerate surface in the projective 3-space has a local lift as a minimal pre-normalized Blaschke immersion into the equicentroaffine 4-space. Furthermore, an indefinite surface in the projective 3-space has a local lift as a pre-normalized Blaschke immersion into the equicentroaffine 4-space satisfying the Einstein condition if and only if the surface is projectively applicable to an affine sphere.
Introduction
Differential geometry of surfaces in the real projective space P 3 has a long history from the early twentieth century. We can find a lot of papers and books concerning about this topic in references in [1, 8, 9] .
In the previous paper [2] , the authors studied centroaffine surfaces in the affine space R 3 from the viewpoint of projective differential geometry by regarding centroaffine surfaces in R 3 as surfaces in P 3 . In contrast to [2] , in this article, we shall study projective surfaces in P 3 from the viewpoint of equicentroaffine differential geometry of codimension two by regarding projective surfaces in P 3 as surfaces in R 4 . In 1993, Nomizu and Sasaki [6] gave a new approach by using the equicentroaffine geometry of surfaces in R 4 . A point of such geometry of codimension two is how to take transversal vector fields for a surface. One transversal vector field is the radial vector field, that is, the position vector field of a surface, and the other is chosen to be a pre-normalized Blaschke normal vector field, which was defined in [6] . See [4, 5, 11, 12] for other choices of transversal vector fields. Following [6] , Furuhata [3] studied surfaces in R 4 with vanishing shape operator, which can be considered from a viewpoint of a certain variation problem. We call them minimal prenormalized Blaschke surfaces in this article. It is a natural question to determine surfaces in P 3 admitting local lifts as minimal pre-normalized Blaschke surfaces in R 4 . In this article, we give an answer to this question, which claims any surface has such a lift (Theorem 5.1).
It is an interesting problem to characterize a surface in P 3 in terms of the property whether it has a certain special lift in R 4 or not. Affine spheres are important objects not only in equiaffine differential geometry, but also in projective differential geometry. We show that a surface projectively applicable to an affine sphere is characterized to have a local lift such that the Ricci tensor field of the induced connection is constant multiple of the pre-normalized Blaschke metric (Theorem 6.1). 
It is easy to see that the symmetric (0, 2)-tensor ψ defined by
is conformal to the second fundamental form of the surface in R 3 . We call z an indefinite projective surface if ψ is indefinite.
In the following, we assume that z is an indefinite projective surface. Then taking asymptotic line coordinates for the corresponding surface in R 3 , that is, taking coordinates so that ℓ = m = 0, and rescaling the lift, we may assume that a lift z satisfies a system of the form
which is called a canonical system. It is straightforward to see that the integrability condition for (2.1) is given by
2)
Definition 2.1. Let z and w be indefinite projective surfaces and choose a lift z of z satisfying (2.1). We say that w is projectively applicable to z if w has a lift w satisfying a canonical system with the same b and c in (2.1).
By use of transformation formulas for b and c, it is easy to see that the above definition is independent of choice of z. In other references, it might be assumed in addition that w is not projectively equivalent to z.
Affine spheres
We first recall a formulation of the theory of affine hypersurfaces and then we define a notion of affine spheres in P 3 . Such surfaces are found to form an important class of projective surfaces. See [7, 10] for more detail.
For an immersion F from an n-dimensional manifold M into the affine space R n+1 with the standard flat connection D, we choose a transversal vector field ξ along F . Then, the Gauss-Weingarten formulas for the immersion F are given by
where 
We If we use the canonical system (2.1), the integrability condition for indefinite affine spheres in P 3 can be stated as follows. 
Moreover, F is a proper affine sphere if k ̸ = 0 and an improper affine sphere if k = 0.
Proof. From (2.1) and (3.1), we have
then, from (3.5), it is straightforward to see that 6) which shows that F is an equiaffine immersion with ξ. Moreover, it is easy to see that ξ is a Blaschke normal vector field. Now we assume that F is an affine sphere. Then from (3.6), we have (3.2) which can be solved as
for some functions f and g of one variable. Then from (2.2), (2.3), (3.4) and (3.7), we have
which are equivalent to
Hence there exists some k ∈ R such that
which is equivalent to (3.3) from (3.7). From (3.3) and (3.6), F is proper if and only if k ̸ = 0.
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Centroaffine immersions of codimension two
Following [6] , we shall explain the notion of centroaffine immersions of codimension two. We denote by η the radial vector field on R n+2 . An immersion F from an n-dimensional manifold M into R n+2 is called a centroaffine immersion of codimension two if η • F is a transversal vector field along F and there exists a vector field ξ along F which is transversal to the direct sum of the vector space spanned by (η • F )(x) and F * T x M at each point x ∈ M . We denote by D the standard flat connection on R n+2 . If f is a centroaffine immersion of codimension two, we have the following equations: 
Then we have
The following is the fundamental result concerning about reduction of codimension of centroaffine immersions of codimension two. If F is a centroaffine immersion of codimension two such that h is non-degenerate, we call F to be nondegenerate; this is independent of the choice of ξ. Let F be a non-degenerate centroaffine immersion of codimension two. Then we can find a transversal vector field ξ such that τ = 0. We call F with such ξ an equiaffine immersion. We can also find a transversal vector field ξ determined mod η up to sign such that τ = 0 and θ is equal to the volume form with respect to h. We call F with such ξ a Blaschke immersion. Moreover, we can find a unique transversal vector field ξ up to sign such that it satisfies all the above conditions with the equation
Proposition 4.1 ([6]). Let F be a centroaffine immersion of codimension two. In the case that rank h ≥ 2, the image of
We call F with such ξ a pre-normalized Blaschke immersion, and ξ the pre-normalized Blaschke normal vector field of F .
Definition 4.1 ([3])
. A pre-normalized Blaschke immersion F is called to be centroaffine minimal, or minimal for short, if it is extremal for the integral of the volume form θ among any variation in the pre-normalized Blaschke normal direction, which is equivalent to the condition tr S = 0.
Example 4.1. A curve in P 2 is a map from an interval into P 2 . If we use homogeneous coordinates on P 2 , a curve in P 2 is given by a lift z into R 3 \ {0}:
In the following, we assume that the vectors z ′′ , z ′ , z are linearly independent at each point t. Then z 1 , z 2 , z 3 can be given by linearly independent solutions of a third-order linear differential equation:
By the assumption, z is a centroaffine immersion of codimension two with a transversal vector field ξ = z ′′ . From (4.1), we have 
In particular, z is an equiaffine immersion with ξ if and only if p 1 = 0. The volume form θ is given by
From (4.5) and (4.7), z is a Blaschke immersion with ξ if and only if
Moreover, from (4.4) and (4.6), we have
Hence z is a pre-normalized Blaschke immersion with ξ if and only if z is given by a Laguerre-Forsyth canonical form:
with normalization ω(z, z ′ , z ′′ ) = 1.
Pre-normalized lifts and centroaffine minimality
In this section, we shall consider lifts of indefinite projective surfaces in 
It follows that the vectors w xy , w x , w y , w are linearly independent at each point (x, y) since we assume that the vectors z xy , z x , z y , z are linearly independent at each point (x, y). For some scalar functions λ and µ, where λ is assumed never to vanish, we define a transversal vector field ξ given by
Then, w is a centroaffine immersion of codimension two with the transversal vector field ξ. We determine these functions λ and µ so that the immersion w with ξ turns out to be a pre-normalized Blaschke immersion in the following. A direct computation shows that
3)
Moreover, we have
( 5.4) From (4.1), (5.2), (5.3) and (5.4), we have the following: From (5.6), (5.7) and (5.8), we have
2). Then ξ is a pre-normalized Blaschke normal vector field of w if and only if
which shows that it is a pre-normalized Blaschke immersion if and only if (5.11) holds.
Let z be an indefinite projective surface in P 3 , z a lift satisfying (2.1) and w = e The same holds for a definite projective surface; refer to Corollary A.1.
Remark 5.1. In Theorem 5.1, let w be a local lift as a minimal pre-normalized Blaschke immersion of codimension two. Then a local lift f (x)g(y)w for functions f and g of one variable has also the same property.
Pre-normalized lifts and Einstein condition
In this section, we shall study properties of a lift of a surface projectively applicable to an affine sphere. Let z be a lift of an indefinite projective surface satisfying (2.1) and w = e 
We call the condition Ric = αh (6.2) for a constant α ∈ R the Einstein condition for a pre-normalized Blaschke immersion. Proof. Let z be a lift of an indefinite projective surface z satisfying (2.1) and w = e − 1 2 φ z a lift as a pre-normalized Blaschke immersion with ξ given by (5.2) with (5.11). If we put α = Ck, from (5.6), (5.11) and (6.1), the condition (6.2) is equivalent to (3.3) and (3.2), which implies that z is projectively applicable to an affine sphere given bỹ z = (e 
A. Equicentroaffine geometry of immersions of codimension two
We now give equicentroaffine geometric properties of pre-normalized Blaschke immersions of an ndimensional manifold into R n+2 , though the basic is already stated in Section 4. It is not necessary to assume h is indefinite in this section.
At first, we note the formulas below in a general setting.
Remark A.1. Let ∇ be an affine connection of torsion free, and h a pseudo-Riemannian metric on an ndimensional manifold M . Let ∇ * be the dual connection of ∇ with respect to h, which is by definition given as
for any vector fields X, Y, Z ∈ X(M ). Then, 
If the volume form of h is parallel with respect to ∇, then 
Proof. We express the pre-normalized Blaschke normal vector filed ξ by 
